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Abstract
The chapter addresses the problem of improving the accuracy of determining 

the coordinates of the point where an artillery projectile impacts the surface under 
conditions of random disturbances by means of a rational selection of acoustic sen-
sors for registering the ballistic wave. The factors influencing the effectiveness of 
acoustic measurements are analyzed, including registration errors, the probability 
of the sensors being in an operational state, and their spatial arrangement relative to 
the firing direction line. An approach is proposed for determining three most suitable 
acoustic measuring devices from the available set, taking into account the combined 
effect of the specified factors. The obtained results create prerequisites for the prac-
tical implementation of the artillery shot verification method and for estimating the 
coordinates of the projectile impact point in a mode close to real time.

Keywords
Artillery shot, acoustic sensors, ballistic wave, shot verification, random distur-

bances, trajectory approximation.

9.1  Introduction

In modern conditions of employment of artillery units, operational verification of 
firing results and estimation of the coordinates of the projectile impact point under 
uncertainty and random disturbances become particularly important. In practice, 
the effectiveness of such estimations depends not only on the selected method of 
processing measurement information, but also on the configuration of the measuring 
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system, in particular on the composition and spatial arrangement of the acoustic sen-
sors used during firing.

One of the promising directions for solving the problem of artillery shot verifica-
tion is the application of acoustic methods based on the registration of sound signals 
generated during the shot and the subsequent flight of the projectile. Analysis of the 
temporal characteristics of the ballistic wave makes it possible to obtain information 
suitable for estimating the coordinates of the projectile impact point and for analyzing 
firing accuracy, which is consistent with the results of known studies in this field [1].

At the same time, processing of acoustic information is associated with the need 
to take into account the complex nature of sound wave generation and propagation, 
the influence of the external environment, as well as the characteristics of specific 
munitions and firing conditions. This necessitates the use of mathematical modeling 
for signal processing, estimation of wave arrival times between sensors, and con-
struction of projectile motion models. The use of simplified but informative mod-
els in this case allows computational costs to be reduced and ensures the possibil-
ity of practical implementation of verification methods in a mode close to real time.

In a more general context, the problem of firing result verification is considered 
as a component of combat process modeling aimed at increasing the effectiveness 
of fire actions through rational use of available resources and reduction of deci-
sion-making time. Formalized models in this case make it possible to describe the 
firing process as a sequence of interconnected states and transitions between them, 
providing a quantitative assessment of firing results, analysis of probabilistic charac-
teristics of target engagement, as well as consideration of random disturbances and 
uncertainties of external conditions [2].

The solution of such problems is complicated by the fact that the corresponding 
systems are characterized by a large number of interrelated parameters and cannot 
be fully investigated within the framework of full-scale experiments. Under these 
conditions, mathematical modeling plays a key role, making it possible to analyze 
a wide range of possible operating modes of the system and to evaluate their char-
acteristics under various application conditions [3, 4]. To describe the complex dy-
namics of such systems, it is expedient to use universal approximation methods and 
analytical approaches, in particular models based on the solution of systems of dif-
ferential equations, which make it possible to reconstruct behavioral characteristics 
even in cases where certain parameters cannot be measured directly [5, 6].

With an increase in the dimensionality of the parameter space, the computation-
al complexity of the corresponding models increases significantly, which leads to 
the need to combine numerical methods, approximation algorithms, and optimiza-
tion procedures. The application of such approaches makes it possible to work with 
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high-dimensional parameter spaces, solve inverse problems, and analyze the sensi-
tivity of results to variations in initial conditions, which is fundamentally important 
for estimation and prediction problems under uncertainty [7, 8]. At the same time, 
consideration of local effects and interactions of parameters in time and space cre-
ates the basis for constructing generalized models suitable for further analysis and 
control of system evolution [9].

Under practical conditions, approaches based on large-scale computational ex-
periments followed by the formation of generalized models or data libraries suitable 
for rapid analysis and interpretation of results prove to be effective. The use of such 
generalized representations makes it possible to significantly reduce computational 
costs at the stage of practical application of models and to ensure decision-making 
in a mode close to real time, which is especially important for tasks of operational 
verification of firing results [10].

In view of the above, this chapter addresses the problem of increasing the reli-
ability of determining the coordinates of the point of impact of an artillery projectile 
with the surface by means of a rational selection of acoustic measuring devices for 
registering the ballistic wave. It is assumed that a sensor configuration will be formed 
from the available set of measuring devices, taking into account their geometric ar-
rangement, the probability of an operational state, and random measurement errors. 
Implementation of such an approach creates prerequisites for building an effective 
sensor system for verification of artillery shots under conditions of a changing envi-
ronment and random disturbances.

9.2  �Features of constructing a sensor system for shot verification 
in the artillery firing area

For verification of artillery gun shots in the firing area, a sensor system is de-
ployed, the structure of which is shown in Fig. 9.1.

In Fig. 9.1, the following notations are adopted:
– AU1, AU2, AU3, …, AUn are artillery units located in the firing area;
– GS1, GS2, GS3, …, GSn are sensor groups installed on or near the artillery units;
– AS1, AS2, AS3, …, ASn are acoustic sensors distributed within the artillery fir-

ing area;
– uGS1, uGS2, uGS3, …, uGSn are output signals of sensor groups GS1, GS2, GS3, …, GSn;
– uS1, uS2, uS3, …, uSn are output signals of acoustic sensors AS1, AS2, AS3, …, ASn;
–  US is vector of signals transmitted from the intermediate equipment to the 

computing unit;
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– UCB is vector of signals transmitted from the computing unit to the fire control unit;
– USC is vector of signals transmitted from the fire control unit to the computing unit.
The sensor groups GS1, GS2, GS3, …, GSn include measuring devices intended 

for determining projectile motion parameters along the flight trajectory as well as 
parameters of the external environment that affect the firing process. Each group 
includes instruments for measuring the initial velocity, elevation and firing direction 
angles, as well as sensors of meteorological characteristics.
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Fig. 9.1 Functional structure of the sensor system for verification of artillery gun shots

Within the firing area, m acoustic sensors register ballistic and muzzle waves 
generated by artillery shots (m >> n). They are deployed using UAVs or other remote 
methods, ensuring a uniform spatial distribution and a minimum density that guaran-
tees the required registration accuracy for all n artillery units.

For clarity, Fig. 9.2 shows a general scheme of acoustic sensor placement in 
the artillery firing area for the case when the firing direction line forms an angle α 
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with the Oy axis. The following notations are adopted: 1 – artillery unit; 2 – target;  
3 – i-th acoustic sensor (I = 1, 2, …, m); xAU, yAU are coordinates of the artillery unit;  
xt, yt are coordinates of the target; xi, yi are coordinates of the i-th acoustic sensor;  
α is angle between the firing direction line and the Oy axis.
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Fig. 9.2 Scheme of acoustic sensor placement in the terrain within the artillery firing area

The accuracy of registering ballistic and muzzle waves depends on the distance 
between the acoustic sensor and the firing direction line and is determined experi-
mentally. In most practical cases, in order to ensure effective registration of an ar-
tillery shot, this distance should not exceed 50 m. Registration of the ballistic wave 
by acoustic sensors is possible only within the segment of the trajectory where the 
projectile moves at a supersonic velocity. Under these conditions, the selection of 
three acoustic sensors for registering shot parameters is carried out from the set of 
sensors located within parallelogram ABCD, as shown in Fig. 9.2.

The following notations are introduced: x1, y1, x2, y2, x3, y3 are the coordinates 
of the first, second, and third acoustic sensors selected for registering ballistic and 
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muzzle waves from the set of sensors bounded by parallelogram ABCD; d1, d2, d3 are 
the distances from the corresponding acoustic sensors to the firing direction line.

In this case, the width of the zone of effective registration of ballistic and muzzle 
waves by the sensors along AD (Fig. 9.3) is 100 m. The length of the ballistic wave 
action zone AB is preliminarily determined with respect to the specified firing range 
as the length of the trajectory segment over which the projectile maintains super-
sonic velocity. The length of this segment is calculated on the basis of mathematical 
and simulation models of projectile flight [11, 12], developed in accordance with the 
NATO STANAG 4355 standard.
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Fig. 9.3 Determination of the sensors closest to the firing direction line

Under the specified configuration, the selection of three acoustic sensors with 
coordinates x1, y1, x2, y2, x3, y3 from the available set is performed according to the 
minimum values of distances d1, d2, d3 from the corresponding sensors to the firing 
direction line.
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To reduce the total number of acoustic sensors in the firing area, it is advisable to 
arrange them in the form of three strips, as shown in Fig. 9.4.

Fig. 9.4 Scheme of acoustic sensor placement in three strips within the artillery firing area
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In Fig. 9.4, the following notations are adopted: I, II, III are the first, second, and 
third sensor strips; D1, D2, D3 are the widths of the corresponding strips. The first, 
second, and third acoustic sensors for registering ballistic and muzzle waves are se-
lected, respectively, from the first, second, and third strips. All three strips must be 
located within the ballistic wave action zone. Taking into account possible changes 
in the coordinates of artillery units and targets, the values of D1, D2, D3, as well as 
the distances between the strips, are determined on the basis of a preliminarily esti
mated average firing range in the given operational area.

The intermediate equipment intended for transmitting signals from the sen-
sors  (vector US) to the computing unit includes intermediate nodes and commu-
nication channels that form a specialized data transmission network. With a large 
number of sensors, which may reach several thousand or tens of thousands, direct 
transmission of signals from the measuring devices to the computing unit becomes 
significantly complicated. Such a scheme leads to an increase in network complexity, 
a decrease in its reliability, and, consequently, an increase in the overall system cost.
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In order to reduce complexity and increase the reliability of the data transmis-
sion network, its structure should be formed according to a hierarchical principle 
using intermediate information collection nodes. Intermediate nodes of the first hi-
erarchy level perform grouping and preliminary processing of signals from sensors 
and transmit them to nodes of the second level, and further to the system computing 
unit. Signal transmission from sensors to network nodes, as well as between individ-
ual nodes, is carried out via radio communication, while connections between up-
per-level nodes and the computing unit may be implemented via wired channels to 
improve reliability.

The formation of the hierarchical structure of the signal transmission network is 
carried out as follows. First, a network structure vector S of dimension jmax is speci-
fied, which corresponds to the total number of hierarchy levels. Each element of the 
vector Sj (j = 1, …, jmax) defines the number of nodes at the j-th hierarchy level. The 
number of nodes Sj at each level is selected taking into account condition (9.1)

S
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j�
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�
�

�

�
�

�floor 1

2
, 	 (9.1)

according to which each node must have at least two inputs (kj ≥2). At the last hi-
erarchy level, the presence of a single main node (Sjmax

=1), directly connected to 
the computing unit is assumed, while at the penultimate level the number of nodes 
must be not less than two (Sjmax�

�
1

2).
After determining the number of nodes at each hierarchy level, the number of 

inputs kj for the nodes of the corresponding level is calculated on the basis of re
lation (9.2)

k
S

Sj
j

j

� �1 . 	 (9.2)

If the obtained value of kj is an integer, all nodes at this level have the same num-
ber of inputs. Otherwise, the level contains nodes with a number of inputs equal to 
the nearest smaller and the nearest larger integers relative to kj, while the propor-
tion of nodes with the larger number of inputs is determined by the fractional part of 
the calculated value of kj.

After determining the number of inputs for the nodes at each hierarchy level, an 
appropriate hierarchical structure of the sensor signal transmission network is con-
structed on the basis of the formed vector S. At each j-th level, Sj nodes are created, 
which are successively interconnected by communication channels from the first 
level to the final level jmax. In this case, nodes of level j − 1 are connected exclusively to 
nodes of level j, taking into account the number of inputs of the latter, and the output 
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of each node at level (j − 1) may be connected to only one input of a node at level j. 
After all required connections are established, the construction of the data transmis-
sion network structure is considered complete.

For clarity, three variants of signal transmission network structures are pre
sented for the same number of primary sensors S0  = 13. In the structure shown 
in Fig. 9.5, information is transmitted directly from the primary sensors to a single 
main node connected to the system computing unit. 

Fig. 9.5 Typical two-level hierarchical structure of sensor signal aggregation

S0 = 13 j = 1 j = 2

In the limiting case jmax = 1, the hierarchical structure degenerates into a sin-
gle-level scheme, where signals from all sensors S0 are directly transmitted to the 
main node. As the number of hierarchy levels increases (jmax > 2), the network struc-
ture is expanded in a similar manner by successive grouping of lower-level nodes and 
connecting them to higher-level nodes.

Thus, the presented scheme reflects a general approach to the formation of hier-
archical data transmission structures, within which the specific number of levels is de-
termined by requirements for scalability, transmission delays, and computational load.

For the presented structures, the vectors S are defined by expressions (9.3) 
and (9.4), respectively:

S�� �4 1, , 	 (9.3)

S�� �5 21, , . 	 (9.4)
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Depending on the current fire tasks, the fire control unit transmits to the comput-
ing unit the signal vector USC, which contains the coordinates of the designated tar-
gets. Based on the vectors US (from the sensor signal transmission network) and USC, 
the computing unit performs verification of artillery shots, taking into account random 
disturbances, and determines the coordinates of projectile impacts on the surface.

In addition, before each shot, the computing unit identifies three sensors from the 
available set of measuring devices that are most suitable for registering the ballistic 
and muzzle waves. The results of these calculations, including the coordinates of pro-
jectile impacts and the selected sensors, are transmitted to the fire control unit in the 
form of the signal vector USC. The task of selecting the three optimal sensors during ar-
tillery shot verification is solved using the method described in the following subsection.

9.3 � Method for registering the coordinates of an artillery projectile 
impact with the surface

The proposed approach makes it possible to determine three acoustic sensors 
that are the most suitable for registering the ballistic wave during the verification 
of artillery shots, based on the known current coordinates of the target, the artillery 
unit, and all functioning acoustic sensors located within the firing area.

The target coordinates are received from the fire control unit in accordance 
with the assigned fire mission. The current coordinates of the artillery unit and each 
acoustic sensor are determined using their built-in navigation systems.

At the initial stage, on the basis of the target and artillery unit coordinates, the 
firing range Ls and the angle α with respect to the Oy axis (Fig. 9.3) are determined, 
after which the equation of the firing direction line for the current shot is formed. 
The values of Ls and α are calculated using relations (9.5) and (9.6), and the equation 
of the firing direction line in the form of the general equation of a straight line in the 
plane is written as (9.7) [13–15]:

L x x y ys t t� �� � � �� �AU AU

2 2
, 	 (9.5)
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a x b y cls ls ls� � �0, 	 (9.7)

where als, bls, cls are the coefficients of the firing direction line equation.
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In this case, the angle α can take values in the range from −90° to 90° and is 
measured clockwise. The coefficients of the straight-line equation als, bls, cls are 
determined using expressions of analytical geometry [13] or on the basis of the 
least squares method using the known coordinates of the target and the artillery 
unit [16].

In order to significantly reduce the computational burden when selecting the 
three most appropriate acoustic sensors, it is expedient at the initial stage to select, 
from the total number of functioning sensors, only those located within the zone of 
possible registration of the ballistic and muzzle waves of the current artillery shot. 
This zone is bounded by parallelogram ABCD (Fig. 9.3).

The width AD should be specified depending on the accuracy of registration of bal-
listic and muzzle waves by acoustic sensors and, as a rule, should not exceed 100 m. The 
length AB is defined as the length of the projectile flight segment with supersonic 
velocity (supersonic segment) LSS, which is calculated on the basis of the preliminarily 
determined firing range Ls using formula (9.5) [11, 12].

To determine the zone of possible registration of ballistic and muzzle waves and 
for the subsequent selection of sensors located within this zone, it is necessary to 
determine the coordinates of points A, B, C, and D, as well as the equations of the 
four straight lines passing through the corresponding pairs of these points.

The coordinates of points A and D are determined on the basis of the current 
coordinates of the artillery unit AU using expressions (9.8) and (9.9), respectively:

x x
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y yA AU
AD

A AU� � �
2

; , 	 (9.8)

x x
L

y yD AU
AD

D AU� � �
2

; , 	 (9.9)

where LAD is the length of segment AD.
The coordinates of points B and C are determined on the basis of the coordinates 

of the point on the firing direction line at which the projectile loses its supersonic 
velocity, using expressions (9.10) and (9.11):

x x
L

y yss ssend endB
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2
; , 	 (9.10)

x x
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BC
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2
; , 	 (9.11)

where xssend , yssend
 are the coordinates of the corresponding point, and LBC = LAD.
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Thus, the coordinates of the point on the firing direction line at which the projec-
tile loses its supersonic velocity are calculated on the basis of the determined length 
of the projectile flight segment with supersonic velocity Lss, the angle α, and the cur-
rent coordinates of the artillery unit using expressions (9.12) and (9.13), respectively:

x x Lss ssend
� �AU ,sin� 	 (9.12)

y y Lss ssend
� �AU cos .� 	 (9.13)

Next, the equations of the four straight lines passing through the following point 
pairs are determined: 1) A and B; 2) D and C; 3) A and D; 4) B and C. To simplify the 
calculations, it is expedient to represent the equations of these lines in the form of 
straight-line equations with slope coefficients:

y a x b� �AB AB, 	 (9.14)

y a x b� �DC DC, 	 (9.15)

y a x b� �AD AD, 	 (9.16)

y a x b� �BC BC, 	 (9.17)

where aAB, bAB, aDC, bDC, aAD, bAD, aBC, bBC are the coefficients of the equations of the 
corresponding straight lines. These coefficients are determined using well-known 
relations of analytic geometry [13] or by applying the least squares method based on 
the coordinates of points A, B, C, and D [16].

After that, on the basis of the line equations (9.14)–(9.17) and their determined 
coefficients, conditions (9.18) are formulated, according to which a sequential ver-
ification of all functioning acoustic sensors of the system is carried out using their 
coordinates. There is:
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If the coordinates of the i-th sensor satisfy conditions (9.18), it lies within the 
zone of possible registration of the ballistic and muzzle waves of an artillery shot and 
can be selected as one of the three most suitable sensors.

After performing this sorting procedure, all sensors that satisfy conditions (9.18) 
are numbered and selected for further calculations aimed at determining the three 
most appropriate measuring devices for registering the ballistic and muzzle waves. 
Acoustic sensors that do not fall within the region bounded by parallelogram ABCD 
are not used at subsequent stages of the method.

At the following computational stages of the proposed method, only three sen-
sors are selected from the set of preselected sensors as being the most suitable for 
registering the ballistic and muzzle waves. To select these three acoustic sensors, all 
preselected sensors are evaluated according to the following parameters.

The first parameter that significantly affects the suitability of an acoustic 
sensor for high-quality registration of the ballistic and muzzle waves is its posi-
tion along the firing direction line. This position is determined by the distance dl 
from the artillery unit to the point on the firing direction line that is closest to the  
given sensor.

For more accurate verification of artillery shots, it is advisable to register the 
ballistic and muzzle waves over the second half of the projectile flight segment with 
supersonic velocity and as close as possible to its end [17, 18]. In addition, all three 
acoustic sensors should be placed uniformly along the firing direction line to en-
sure reliable registration of the ballistic and muzzle waves at three distinct points. 
At the same time, the third sensor should not be located too close to the point with 
coordinates xssend , yssend

, at which the projectile loses its supersonic velocity, since 
the position of this point is determined with a certain error. In such a case, the 
sensor may be positioned outside the supersonic flight segment of the projectile.  
Therefore, as optimal distances from the artillery unit to the first, second, and third 
sensors along the firing direction line, it is reasonable to preliminarily adopt the 
following values: dl1opt = 0.5Lss; dl2opt = 0.7Lss; dl3opt = 0.9Lss.

Thus, when selecting the most suitable first, second, or third acoustic sensor, it 
is necessary, for each i-th sensor located within the zone of possible registration of 
the ballistic and muzzle waves (ABCD), to calculate the parameter dli and compare its 
value with the corresponding predefined optimal value dl1opt, dl2opt or dl3opt.

At the same time, the distance dli for the i-th acoustic sensor is calculated on the 
basis of the coordinates of this sensor and the obtained general equation of the firing 
direction line (9.7) as follows. First, the coordinates xpi, ypi of the point on the firing di-
rection line that is closest to the i-th sensor are determined using expressions (9.19) 
and (9.20) [13–15]:
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Subsequently, using the obtained coordinates xpi, ypi and the known coordinates 
of the artillery unit xAU, yAU, the distance dli is directly calculated using formula (9.21)

d x x y yli pi pi� �� � � �� �AU AU

2 2
. 	 (9.21)

Another equally important parameter used to select the most suitable acoustic 
sensors is the distance dt from a sensor to the nearest point on the firing direction 
line, which is defined as the length of the perpendicular drawn from the sensor loca-
tion to the firing direction line. The smaller the value of this distance, the higher the 
accuracy of registering the ballistic and muzzle waves of the shot, and, accordingly, 
the more suitable the sensor is considered. Therefore, the optimal configuration for 
all acoustic sensors (first, second, and third) used for shot verification is their place-
ment directly on the firing direction line (dt1opt = dt2opt = dt3opt = 0).

The value of this distance dti for the i-th acoustic sensor can be calculated based 
on the coordinates of the given sensor xi, yi and the obtained general equation of the 
firing direction line (9.7) using expression (9.22) [13–15]

d
a x b y c

a b
ti

ls i ls i ls

ls ls

�
� �

�2 2
. 	 (9.22)

The third parameter that must also be taken into account when selecting the 
three most suitable acoustic sensors is the value of their probability of failure-free 
operation P(t). Even if the i-th sensor has a sufficiently favorable location (in terms of 
the parameters dli and dti) within zone ABCD, but its probability of failure-free oper-
ation is low, selecting it for registering ballistic and muzzle waves would be imprac-
tical. This is because there is a relatively high risk of sensor malfunction and, conse-
quently, failure to complete the entire verification procedure for the current shot.

In practice, the reliability of any element is determined by two components: the 
probability of failure-free operation under random failures P(t) and the probability 
of failures due to wear Pw(t). Random failures are described by an exponential law, 
according to which the reliability, or probability of failure-free operation P(t), is de-
termined by the expression
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P t e t( ) ,� �� 	 (9.23)

where λ is the intensity (rate) of random failures.
During the period of normal equipment operation, the failure intensity for the 

exponential law is a constant value. When wear begins, the failure intensity starts 
to increase, and in addition to random failures, wear-out failures also occur. These 
wear-related failures are usually described by a normal distribution

P t e tw
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( ) ,( )� � �
�

�
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2 22

� �
� d 	 (9.24)

where M is the mean value of the element lifetime taking wear into account, and 
σ is the standard deviation of the lifetime from its mean value, which is defined as

� �
��( )

,
t M

N

2

	 (9.25)

where N is the number of failures over the time interval t.
Moreover, the combined probability of failure-free operation of an element, tak-

ing into account both sudden failures and wear-out failures, over the period from 
t = 0 (when the element is new) to time t, is calculated as

P t e P tt
w( ) ( ).� �� 	 (9.26)

Thus, in the process of selecting the most suitable sensors for recording the bal-
listic and muzzle waves of a shot, the probability of failure-free operation Pi(t) for 
each i-th acoustic sensor is determined using expression (9.26), depending on the 
operating time t and based on the known values λi, Mi, and Ni.

For a comprehensive assessment of the suitability of acoustic sensors for record-
ing ballistic and muzzle waves, it is expedient to formulate an integrated dimension-
less suitability criterion J, which properly accounts for all three considered sensor 
parameters (dli, dti, and Pi). Accordingly, the suitability criterion Ji for each i-th sensor 
is defined as

J f d d Pi li ti i� � �, , . 	 (9.27)

Since the considered parameters dli, dti, and Pi used to assess sensor suitability 
differ in their physical nature, vary significantly in absolute magnitude, and may be 
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computed with certain uncertainties, formalizing their interrelation within a single 
criterion based on strict mathematical dependencies is a rather challenging task. 
Therefore, to calculate the current value of the criterion Ji with proper consideration 
of each of the above-mentioned sensor parameters (dli, dti, and Pi), it is expedient to 
employ the mathematical apparatus of fuzzy logic theory. This approach enables 
effective aggregation of expert knowledge and experimental data, approximation 
of arbitrary nonlinear multidimensional relationships, and construction of linguistic 
models of complex objects and processes [19–21].

For convenience of calculations, it is reasonable to assume that the acoustic sen-
sor suitability criterion J varies within the range from 0 to 1. The closer the calcu-
lated value of the criterion Ji is to 1, the more suitable the i-th sensor is considered.

Since three most suitable sensors must be selected to record the ballistic and 
muzzle waves of each shot, the criterion Ji for each i-th sensor should be calcu-
lated three times (Ji1, Ji2, Ji3), taking into account the role in which the sensor is 
assumed to be used, namely as the first, second, or third sensor. Subsequently, 
the maximum of the obtained values (Ji1, Ji2, or Ji3) is used to determine the final 
suitability of the given sensor Jif, with its assignment to a specific role (first, sec-
ond, or third sensor). Thus,

J J J Jif i i i� � �max , , .1 2 3 	 (9.28)

After that, based on the value of the final suitability Jif, the given i-th acous-
tic sensor is assigned to one of three groups: potential first, second, or third sen-
sors. For example, for the i-th acoustic sensor the following suitability criterion 
values were calculated for its use as the first, second, and third sensor: Ji1 = 0.791; 
Ji2 = 0.215; Ji3 = 0.42. Since the value Ji1 is the largest among those obtained, this 
sensor is preliminarily assigned to the group of potential first sensors with the cor-
responding suitability Jif = 0.791.

Thus, for all sensors located within the possible ballistic and muzzle wave reg-
istration zone ABCD, the suitability criterion J is calculated three times, taking into 
account their possible use as the first, second, or third sensor. The largest of the 
obtained values determines the final suitability Jif, after which the sensors are dis-
tributed among the three corresponding groups.

At the final stage of the method, in the established groups of potential first, sec-
ond, and third sensors, the most suitable first, second, and third sensors are selected 
according to the maximum suitability values Jbest1, Jbest2 and Jbest3. These acoustic sen-
sors are the three sensors that will be used to register the ballistic and muzzle waves 
of the current artillery shot.
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Based on the above, the steps of the method for determining three acoustic sensors 
for registering the ballistic and muzzle waves of an artillery shot are presented below:

Step 1. Method initialization. At this stage, all initial data required for the verifi-
cation of artillery shots are obtained. The number and coordinates of all operational 
acoustic sensors within the artillery firing zone are determined, and the values of pa-
rameters used in subsequent calculations are fixed: the width of the possible ballistic 
and muzzle wave registration zone LAD; the optimal distances from the artillery unit 
to the first, second, and third sensors along the firing direction line dl1opt, dl2opt, dl3opt;  
and the current values of the sensors' probability of failure-free operation P(t).

The width of the zone AD, LAD, should be set according to the accuracy of wave 
registration (in most practical cases LAD = 100 m). The optimal distances dl1opt, dl2opt, 
dl3opt are specified as functions of the length of the supersonic flight segment. The 
values of P(t) are determined based on their known parameters λ, M, N and the oper-
ating time t. Before starting the calculations, the current coordinates of the target xt, 
yt and the artillery unit xAU, yAU are also recorded.

Step 2. Performing initial calculations. Based on the coordinates of the target xt, 
yt and the artillery unit xAU, yAU, the firing range Ls, the angle α relative to the Oy axis, 
and the length of the supersonic flight segment LSS are determined. At the same time, 
the equation of the firing direction line for the current shot is formed, and its coeffi-
cients als, bls, cls are calculated in accordance with (9.5)–(9.7).

Step 3. Determination of the possible registration zone of the ballistic and muz-
zle waves of the current shot ABCD. At this stage, using expressions (9.8)–(9.13), the 
coordinates of points A, B, C, D, as well as the point xssend , yssend

 at which the projectile 
loses supersonic velocity, are determined. Then, the equations of the four boundary 
lines of zone ABCD are constructed according to (9.14)–(9.17).

Step 4. Sorting of sensors within the ABCD zone. From the total set of operational 
sensors, only those which coordinates satisfy the conditions (9.18) are selected.  
The selected sensors are numbered and used in subsequent calculations, where as 
all other sensors are not used in the following stages of the method.

Step 5. Calculation of the parameter dli. For each i-th sensor located within the 
ABCD zone, the distance dli from the artillery unit to the point on the firing direction 
line closest to the sensor is calculated using formula (9.21), with the coordinates xpi, 
ypi determined according to expressions (9.19) and (9.20).

Step 6. Calculation of the parameter dti. For each selected sensor, the distance dt 
from the sensor to the firing direction line is determined using formula (9.22).

Step 7. Determination of the parameter Pi(t). For each i-th sensor within the 
ABCD zone, the probability of failure-free operation Pi(t) is calculated according to 
expression (9.26).
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Step  8. Calculation of the comprehensive suitability criterion Ji. Based on 
the parameters dli, dti, and Pi(t) for each sensor, the criterion Ji is computed three 
times (Ji1, Ji2, Ji3) according to expression (9.27), taking into account the potential 
use of the sensor as the first, second, or third. The calculation is performed using 
the previously developed fuzzy logic model.

Step 9. Assignment of sensors to groups. For each i-th sensor, the final suitability 
Jif is determined according to expression (9.28), after which all sensors are classified 
into three groups of potential first, second, and third sensors.

Step 10. Selection of the best first, second, and third sensors. Within each of the 
three formed groups, one sensor with the maximum suitability values Jbest1, Jbest2, Jbest3 
is selected. The selected sensors are used to register the ballistic and muzzle waves 
of the current artillery shot.

After completion of Step 10, the search for the optimal acoustic sensors is con-
sidered complete, and the selected three sensors can be used to verify the current 
artillery shot and to register the coordinates of the projectile impact point.

9.4 � Development of a fuzzy model for calculating the suitability criterion of 
acoustic sensors for registration of ballistic and muzzle waves of a shot

According to the fuzzy approximation theorem [22], any mathematical relation-
ship can be approximated by a system based on fuzzy logic. This makes it possible to 
represent complex "input–output" relationships in the form of a set of natural-lan-
guage rules of the type "IF …, THEN …", formalized using the theory of fuzzy sets, 
without the need to employ complex analytical models, in particular differential 
and integral equations [19]. Modern fuzzy models, which are characterized by in-
terpretability and logical transparency, can be constructed on the basis of various 
fuzzy inference mechanisms, enabling effective use of expert knowledge as well as 
learning based on experimental data sets and objective functions similar to those 
used in neural networks [20, 21]. These features make fuzzy models and systems 
flexible, universal, and promising for solving problems related to modeling complex 
objects and processes.

For the simultaneous calculation of three values of the composite suitability cri-
terion Ji1, Ji2, and Ji3 for each i-th acoustic sensor, taking into account its possible use 
as the first, second, or third sensor, a fuzzy model is proposed, which should have the 
structure shown in Fig. 9.6.

In Fig. 9.6, the following notations are used: FM denotes the fuzzy model for cal-
culating the suitability criterion; FB is the fuzzification block; FIL is the fuzzy logical 
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inference block; DB is the defuzzification block; RB is the rule base; Kd1, Kd2, KP are 
normalization coefficients used to convert the input variables of the model dli, dti, 
and Pi into relative units with respect to their maximum values; d*

li, d
*

ti and P*
i are the 

normalized values of the corresponding input variables of the fuzzy model.

Aggregation FIL

Activation

Accumulation

DB

FM RB

FB

Antecedent Consequent

Ji1

Ji2

Ji3

Kd1

Kd2

KP

dli d*li

d*tidti

Pi P*i

Fig. 9.6 Structure of the fuzzy model for calculating the values of the acoustic sensor 
suitability criterion

As shown in Fig. 9.6, the proposed model has three output variables (Ji1, Ji2, Ji3), 
each of which represents the suitability of the i-th acoustic sensor as the first, sec-
ond, or third sensor, respectively, depending on the input parameters dli, dti, and Pi in 
accordance with the developed rule base.

In this case, for the fuzzy model with the proposed structure (Fig. 9.6), it is ad-
visable to choose the Mamdani type of fuzzy logical inference [23], which provides 
sufficient efficiency with a relatively simple synthesis and tuning procedure [21].

The fuzzification block determines the degrees of membership of the numeri-
cal values of the input variables dli, dti, and Pi to the corresponding fuzzy linguistic 
terms of the fuzzy model [20]. The fuzzy logical inference block implements aggre-
gation, activation, and accumulation operations based on the rule base. The de-
fuzzification block converts the resulting fuzzy set into a crisp numerical value of 
the output variable Ji [23].

Next, the main procedures for synthesizing the fuzzy logical model for calculat-
ing the suitability criterion of acoustic sensors are considered in detail.

The normalization coefficients of the model Kd1 and Kd2 are determined by ex-
pressions (9.29) and (9.30):
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K
Ld
ss

1

1
= , 	 (9.29)

K
Ld2

2
=

AD

. 	 (9.30)

This makes it possible to convert the current values of the input variables dli and dti  
into relative units with respect to their maximum values (dlimax = Lss; dtimax = LAD/2).

Since the probability of failure-free operation Pi for each i-th acoustic sensor 
varies within the range [0, 1], and the operating range of this variable is assumed 
to be the interval [0.75, 1], the normalization coefficient KP in this case is equal to 1. 
Sensors with a current value of Pi(t) < 0.75 are not admitted to further evaluation.

For the input (dli, dti, Pi) and output (Ji1, Ji2, Ji3) variables of the fuzzy model, sets of 
linguistic terms have been defined, which are presented in Table 9.1.

The triangular membership function of a linguistic term, illustrated here for the 
variable dli, is defined by expression (9.31):
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where a, b, c are adjustable parameters of the function, subject to the condi-
tion a ≤ b ≤ c. The graphical representation of the linguistic terms for the input and 
output variables of the fuzzy model with the specified parameters is shown in Fig. 9.7.

Table 9.1 Linguistic terms of the fuzzy model for calculating the values of the suitability 
criterion

Fuzzy 
model 

variables

Number of 
linguistic 

terms
Selected linguistic terms

Type of member-
ship functions of 
linguistic terms

dli 5 VS – very short; S – short; M – medium;  
LN – long; VLN – very long

triangular

dti 3 S – short; M – medium; LN – long triangular

Pi 3 L – low; A – average; H – high triangular

Ji1, Ji2, Ji3 7 VL – very low; L – low; BA – below average; 
A – average; AA – above average; H – high; 

VH – very high

triangular
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μ(dli)

dli
μ(dti)

dti

μ(Ji)

Ji

μ(Pi)

Pi
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0
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Fig. 9.7 Linguistic terms (with specified parameters) for the input and output variables  
of the fuzzy model

As can be seen from Table 9.1 and Fig. 9.7, the same sets of linguistic terms are 
used for the three output variables Ji1, Ji2 and Ji3.

The rules of the proposed fuzzy model for calculating the acoustic sensors' suit-
ability criterion are formulated as follows:

IF AND AND

THEN AND1 2

" " " " " "

" " "

d d P

J J

LT LT LT

LT
li ti i

i i

dl dt P

J

= = =

= =1 LLT LTJJ Ji2 3" " ",AND 3 = 	 (9.32)

where LTdl, LTdt, LTP, LTJ1, LTJ2, LTJ3 are specific linguistic terms of the input and output 
variables.

For example, the first rule of RB is expressed as:

IF VS AND S AND L

THEN VL AND VL AND1 2

" " " " " "

" " " " "

d d P

J J J
li ti i

i i i

= = =

= = 33 VL= ". 	 (9.33)

The total number of rules in the rule base is determined by the number of all pos-
sible combinations of the linguistic terms of the input variables dli, dti, and Pi, which 
equals 5·3·3 = 45.

In the proposed fuzzy model, the aggregation and activation procedures are 
performed using the "min" operation [19]. After these operations, during the accu-
mulation stage, the truncated membership functions are combined to obtain the 
final fuzzy subset of the output variable. This procedure uses the "max" operation.  
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The final stage of the calculations is defuzzification, which involves converting the 
membership function of the output linguistic variable into its precise (numerical) 
value. In this case, the center of gravity method [20] is chosen as the defuzzification 
technique for the fuzzy model.

To illustrate the nonlinear relationships realized by the developed fuzzy model, 
the corresponding characteristic surfaces are shown in Fig. 9.8. In particular, Fig. 9.8 
shows the dependencies of the acoustic sensor suitability criterion Ji on the model 
input variables dli and dti at a fixed failure-free operation probability Pi = 0.95. The re-
sulting surfaces reflect the coordinated influence of the geometric parameters of sen-
sor placement on their suitability as the first, second, or third sensors in the system.

Ji1 Ji2

Ji3

dli dti dli dti

dli dti

a b

c

0.7

0.6

0.5

0.4
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0.5 0
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0.2

1 0.5
01

0.5 0

0.8

0.6

0.4

0.2

1 0.5
01

0.5 0

Fig. 9.8 FM characteristic surfaces: a – Ji1 = f(dli, dti); b – Ji2 = f(dli, dti); c – Ji3 = f(dli, dti)

Similar characteristic surfaces were also obtained for the pairs of input variables 
(dti, Pi) and (Pi, dli) at fixed values of the third variable. In all considered cases, the co-
ordinated nature of the changes in the suitability criterion values is preserved, which 
confirms the correctness of the formulated rule base and the adequacy of the con-
structed fuzzy model.
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To validate the correct functioning of the proposed fuzzy model, Table 9.2 pres-
ents the results of calculating the suitability criterion of acoustic sensors depending 
on different values of the input variables dli, dti, and Pi.

As can be seen from Table 9.2, the developed fuzzy model correctly determines 
the suitability of acoustic sensors as the first, second, and third sensors (Ji1, Ji2, Ji3) 
depending on the current values of the input variables dli, dti, and Pi. In the first three 
rows of Table 9.2, the values of dli in relative units are close to the optimal distance 
from the first sensor to the artillery unit along the firing line (dl1opt = 0.5Lss). Therefore, 
in these rows, the highest suitability value corresponds to Ji1. In turn, in rows 4–6, 
the highest suitability value corresponds to Ji2, as the respective dli values are closest 
to the optimal distance for the second sensor, dl2opt = 0.7Lss. A similar dependence is 
observed in rows 7–9 for the third sensor.

Table 9.2 Results of calculating the suitability criterion values of acoustic sensors based on 
the proposed fuzzy logic model

No.
Input variables Output variables

dli dti Pi Ji1 Ji2 Ji3

1 0.5 0.5 0.875 0.667 0.333 0.0523

2 0.54 0.133 0.91 0.725 0.591 0.301

3 0.48 0.32 0.86 0.651 0.353 0.0608

4 0.7 0.04 0.93 0.568 0.844 0.568

5 0.71 0.6 0.82 0.237 0.404 0.288

6 0.67 0.1 0.79 0.165 0.296 0.0593

7 0.9 0.03 0.915 0.166 0.536 0.836

8 0.92 0.43 0.95 0.159 0.443 0.776

9 0.86 0.21 0.89 0.274 0.546 0.65

10 0.05 0.98 0.76 0.054 0.054 0.054

The suitability of a given sensor is also significantly influenced by the parame-
ters dti and Pi, which is reflected in the corresponding changes in the values of Ji1, 
Ji2, and Ji3 in rows 1–9. Moreover, to fully verify the functionality of the developed 
fuzzy model, the tenth row of Table 9.2 contains input variable values that are unac-
ceptable for the first, second, and third sensors of the system. In this case, the suit-
ability values Ji1, Ji2, and Ji3 calculated by the model are very low, indicating that the 
corresponding sensors are unsuitable for performing the artillery shot verification 
process. This also confirms the correct functioning of the developed fuzzy model.
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9.5  Conclusions

This chapter has examined an approach for selecting acoustic sensors to register 
the ballistic and muzzle waves of an artillery shot under conditions of random distur-
bances. The proposed method is aimed at improving the reliability of acoustic infor-
mation used in subsequent stages of artillery shot verification and in determining the 
coordinates of the projectile impact point.

It has been shown that the sensor selection problem is best considered as 
a multi-criteria task, taking into account the spatial arrangement of measurement 
points relative to the firing direction line, measurement errors, and the probability of 
their operational status. To formalize this problem, a fuzzy logic model is employed, 
which allows for a coordinated consideration of these factors and provides an inte-
grated assessment of the suitability of each sensor.

Computational experiments conducted on two artillery shot examples with differ-
ent parameters confirmed the effectiveness of the proposed approach. In both cases, 
three sensors were selected from the available sets of acoustic sensors, providing the 
most favorable conditions for accurately registering the ballistic and muzzle waves of 
the current shot. The resulting sensor configurations demonstrate consistency with the 
physical characteristics of acoustic wave propagation and the geometry of the firing.

Thus, the results presented in this chapter indicate the feasibility of applying the 
proposed method to form an optimal subsystem of acoustic measurements. This pro-
vides a basis for improving the accuracy and robustness of subsequent artillery shot 
verification procedures under random disturbances and can be used as a component 
of the corresponding methods and models discussed in the following chapters of  
the monograph.
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